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Abstract
Kobler andRotics gave a polytime algorithm for deciding if a graph hasmaximum inducedmatching
andmaximummatching the same size, and for ﬁnding amaximum inducedmatching in a graph where
equality holds. We give a simple characterization of these graphs. Our characterization provides a
simpler recognition algorithm.
© 2005 Elsevier B.V. All rights reserved.
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A matching in a graph is a set of edges, no two of which meet a common vertex. An
inducedmatchingM in a graphG is amatchingwhere no twoedges ofM are joinedby an edge
of G. The problem of ﬁnding a maximum induced matching is NP-hard, even for bipartite
graphs [2,15] and for planar graphs of maximum degree 4 [12]. The maximum induced
matching problem can be solved in polytime for weakly chordal graphs [4], asteroidal
triple-free graphs [3,5], andmany classes of intersection graphs [2,3,8,9] including interval-
ﬁlament graphs [3]. Interval-ﬁlament graphs [7] include co-comparability graphs [7,10]
and polygon–circle graphs [7], and the latter include circle graphs, circular arc graphs [11],
chordal graphs [14], and outerplanar graphs (see [14]).
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The maximum size of a matching in G is denoted m(G), and the maximum size of an
induced matching inG is denoted im(G).Kobler and Rotics [13] gave a polytime algorithm
for deciding if m(G) = im(G), and for ﬁnding a maximum induced matching in graphs
where equality holds. We give a simple characterization of these graphs.
The complete graph on n vertices is denoted Kn. We call K3 a triangle. The path on
n vertices is denoted by Pn. A star is the complete bipartite graph K1,n (n0) consist-
ing of n + 1 vertices and edges joining one vertex to all the others. A leaf in a graph G
is a vertex of degree 1; the edge meeting a leaf is called a leaf edge or pendant edge;
the leaf edge is said to be attached to G at its non-leaf vertex. A pendant triangle in
a graph G is a triangle where two vertices have degree 2 and the third vertex has de-
gree greater than 2; the edge joining the two vertices of degree 2 is called a triangle
edge; the pendant triangle is said to be attached to G at the vertex with degree greater
than 2.
By the distance between two edges e and f, we mean the number of edges in a shortest
path between an endpoint of e and an endpoint of f. Thus an induced matching is a set of
edges such that the distance between any two of them is at least 2.
Given a matching M in a graph G, an augmenting path with respect to M is a path
starting and ending at vertices not met by the matching, and alternating between edges
not in M and edges in M. Berge’s augmenting path theorem [1] says that a matching is
largest if and only if there is no augmenting path with respect to M. Note that if a triangle
edge or a leaf edge is in an augmenting path, then it is an end edge of the augmenting
path.
Our main result is the following:
Theorem 1. Let G be a connected graph. Then m(G) = im(G) if and only if G is a star
or a triangle or consists of a connected bipartite graph B with at least one edge and with
colour classes black and white, together with at least one leaf edge (and possibly more)
attached to each black vertex of B, and possibly some pendant triangles attached to white
vertices of B.
Proof of Theorem 1 (If). If G is a star or a triangle, then m(G)= im(G)1. Consider a
graph G as described in Theorem 1 which is neither a star nor a triangle. Let M consist of
the following edges: put all triangle edges inM, and for each black vertex b of B, choose
one leaf edge meeting b, and put it inM. It is easily checked thatM is an induced matching:
in any graph, two triangle edges are at distance at least 2; since the pendant triangles are
attached to white vertices of the bipartite graph B and the leaf edges are attached to black
vertices of B, a leaf edge and a triangle edge in G are at distance at least 2; and since one
leaf edge meeting each black vertex of B was chosen to be in M, two leaf edges in M are
at distance at least 2 as well. We will show that M is a largest matching by showing that
there is no augmenting path with respect toM. Since the only edges inM are leaf edges and
triangle edges, and these cannot be interior edges of an augmenting path, any augmenting
path can only have one edge. Since all black vertices are matched, and all triangle edges
are in M, there cannot be an augmenting path consisting of one edge.
To prove the “only if” part of Theorem 1, we prove the following theorem:
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Theorem 2. LetG be a connected graph which is neither a triangle nor an isolated vertex.
Then m(G)= im(G) if and only if all of the following hold:
1. Every vertex of G is an end of a leaf edge or triangle edge, or is a neighbour of such a
vertex.
2. Any two leaf edges which do not meet a common vertex are at distance at least 2.
3. There is no induced P4 where neither internal vertex is met by a leaf edge.
4. There is no induced subgraph of the form “a triangle met by a leaf edge of G”.
Proof of Theorem 2 (If). LetG be a connected graph forwhich (1)–(4) hold. LetM consist
of all triangle edges, and one leaf edge meeting each vertex which is met by a leaf edge. In
any graph, two triangle edges are at distance at least 2; (2) says any two leaf edges which
do not meet a common vertex are at distance at least 2, and by (4), any triangle edge and
any leaf edge are at distance at least 2. Thus M is an induced matching. We claim that
M is a largest matching. If not, then by Berge’s augmenting path theorem [1], there is an
augmenting path inG. Since the only edges inM are leaf edges and triangle edges, and these
cannot be interior edges of an augmenting path, any augmenting path can only have one
edge. Thus the augmenting path must consist of a single edge between unmatched vertices.
Let us call these vertices r and s. The edge rs is not a leaf edge, and since r and s are
unmatched, neither is an end of triangle edge, so by (1), each must be adjacent to an end of
a leaf edge or a triangle edge. If both r and s are adjacent to some vertex t which is an end
of a leaf edge, we have an induced subgraph of the type excluded by (4), so assume this
does not happen. Then, if r and s are adjacent to distinct vertices, say t and u, respectively,
which are the ends of leaf edges, if t and u are adjacent, we have a contradiction to (2),
and otherwise, vertices t, r, s, u induce a P4 where neither internal vertex (r and s) is an
end of a leaf edge, contradicting (3). Finally, if each of r and s is adjacent to an end of a
triangle edge (the triangle edges would be distinct), or if r is adjacent to an end of a triangle
edge and s is adjacent to an end of a leaf edge, then r and s are the internal vertices of a P4
excluded by (3).
Lemma 1 (Kobler and Rotics [13]). LetG be a connected graph withm(G)= im(G)> 1.
Any edge in a maximum induced matching in G is either a leaf edge or a triangle edge.
To make this paper self-contained, we include the proof of Lemma 1:
Proof of Lemma 1 (Kobler and Rotics [13]). Let G be a connected graph with m(G) =
im(G)> 1, let M be a largest induced matching in G, and let e1 be any edge of M. Let
e2 be another edge of M at minimum distance from e1. The distance between e1 and e2 is
at least 2. If the distance is greater than 2, any edge on a shortest path between e1 and e2
which does not meet either e1 or e2 can be added to M to get a larger matching, which is
impossible.
Thus we can assume that where e1 = v1w1 and e2 = v2w2, there is a ﬁfth vertex x joined
to both v1 and v2. If e1 is not a leaf edge, then w1 has another neighbour y = v1, v2, w2.
If x = y, then since neither x nor y is the endpoint of any edge of M, we have that
M − e1 ∪ {xv1, yw1} is a matching larger than M, which is impossible.
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Thus it must be that x = y, which implies that w1 has degree 2. We only need to show
that v1 also has degree 2 to conclude that e1 is a triangle edge. Assume to the contrary
that v1 has a third neighbour z. Neither x nor z is the endpoint of any edge in M. Thus,
M − e1 ∪ {xw1, zv1} is a matching larger than M, which is impossible.
Thus e1 is either a leaf edge or a triangle edge. 
Note that the only connected graphs with m(G)1 are stars and triangles. Thus the
following is a variant of Lemma 1:
Lemma 2. Let G be a connected graph with m(G) = im(G) which is not a triangle. Any
edge in a maximum induced matching in G is either a leaf edge or a triangle edge.
Lemma 3. Let G be a connected graph with m(G) = im(G) which is not a triangle. The
only triangles in G are pendant triangles.
Proof. Let G be a graph as in the hypothesis. Suppose G has a non-pendant triangle T . Let
M be a largest induced matching in G. By Lemma 2, no edge of T is in M. At most one
vertex of T is met byM, so say vertices u and v of T are not met byM. ThenM ∪ {uv} is
a matching in G whose size is larger thanM, a contradiction. 
Lemma 4. Let G be a connected graph with m(G) = im(G). Then G cannot have two
adjacent vertices that are ends of leaf edges.
Proof. Suppose to the contrary that G is a connected graph with m(G) = im(G) and G
has adjacent vertices, v1 and v2, met by leaf edges e1 = u1v1 and e2 = u2v2, respectively.
Note that v1v2 cannot be a triangle edge and G is not a triangle. By Lemma 2, any edge in
a maximum induced matching M of G is either a leaf edge or a triangle edge. Clearly, at
most one of e1 and e2 or any other leaf edges meeting v1 or v2 can be in M. Thus at least
one of v1 and v2, say v1, is not met byM. ThenM ∪{e1} is a matching with one more edge
thanM, which is a contradiction. 
Lemma 5. Let G be a connected graph with m(G) = im(G). Then G has no induced
subgraph of the form: a triangle met by a leaf edge of G.
Proof. Suppose to the contrary that G is a graph with m(G) = im(G) and G contains an
induced subgraph of the form “a triangle u, v,w and a leaf edge ux”. By Lemma 4, neither
v norw can be met by a leaf edge. By Lemma 2, any edge in a maximum induced matching
M of G is either a leaf edge or a triangle edge. If vw /∈M , neither v nor w is met byM, so
M ∪ {vw} is a matching with one more edge thanM, which is a contradiction. If vw ∈ M ,
then u is not met byM, soM ∪ {ux} is a matching with one more edge thanM, which is a
contradiction. 
Corollary 1. Let G be a connected graph with m(G) = im(G). Then G cannot have a
vertex met by both a leaf edge and a pendant triangle.
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Lemma 6. LetG be a connected graph withm(G)= im(G). ThenG cannot contain a path
on four vertices where neither of the interior vertices of the path is an end of a leaf edge
and neither end edge of the path is a triangle edge.
Proof. Suppose to the contrary that G is a connected graph with m(G) = im(G) and G
contains a path v1, v2, v3, v4 where neither v2 nor v3 is an end of a leaf edge and neither
v1v2 nor v3v4 is a triangle edge. Clearly, G is not a triangle, so by Lemma 2, any edge in a
maximum induced matchingM of G is either a leaf edge or a triangle edge. Note that v2v3
is not a triangle edge. So neither v2 nor v3 is met by M. Then M ∪ {v2v3} is a matching
with one more edge thanM , which is a contradiction. 
Corollary 2. LetG be a connected graph withm(G)= im(G). ThenG cannot contain an
induced path on four vertices where neither of the interior vertices of the path is an end of
a leaf edge.
Lemma 7. Let G be a connected graph with m(G) = im(G). Then G cannot contain a
circuit on 2k + 1 vertices, where k2.
Proof. Suppose to the contrary that G is a connected graph with m(G) = im(G) and G
contains a circuit C on 2k+ 1 vertices, where k2. By Lemma 2, any edge in a maximum
induced matching M of G is either a leaf edge or a triangle edge. Thus no edge of C is in
M. By Lemma 4, at most k vertices of C have leaf edges meeting them. Thus there is a path
P = vi, vi+1, vi+2, vi+3 on four vertices contained in C such that the interior vertices vi+1
and vi+2 are not met by leaf edges, and, of course, none of the edges are triangle edges.
This contradicts Lemma 6. Thus G cannot contain a circuit on 2k+ 1 vertices, where k2.

Remark 1. By ideas similar to those in the proof of Lemma 7 above, we can also prove
that if C is an even circuit in a graph G with m(G)= im(G), then alternating vertices of C
are met by leaf edges.
Lemma 8. Let G be a connected graph with m(G) = im(G), which is neither a triangle
nor an isolated vertex. Then every vertex of G is an end of a leaf edge or a triangle edge,
or is a neighbour of such a vertex.
Proof. Suppose to the contrary that G is a graph with m(G) = im(G) which is neither
a triangle nor an isolated vertex, and G has a vertex v such that neither it nor any of its
neighbours is an end of a leaf edge or a triangle edge. Then v has at least two neighbours, say
v1 and v2. By Lemma 2, any edge in a maximum induced matchingM of G is either a leaf
edge or a triangle edge. So neither v nor any of its neighbours is met byM. SoM ∪ {vv1}
is a matching with one more edge thanM, which is a contradiction. 
Proof of Theorem 2 (Only if). Let G be a connected graph other than a triangle with
m(G)= im(G). By Lemma 8, (1) holds. By Lemma 4, (2) holds. By Corollary 2, (3) holds.
By Lemma 5, (4) holds. 
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Proof of Theorem 1 (Only if). Let G be a connected graph with m(G)= im(G) which is
neither a star nor a triangle. By Lemma 7, G has no odd circuits with more than 3 vertices.
By Lemma 3, the only triangles in G are pendant triangles.
Delete all pendant triangles of G to get a bipartite graph H . (That is, for each pendant
triangle, delete its edges and its degree 2 vertices to get H.) Since G was connected, H
is connected. Colour the vertices of H black and white. Let uv be an edge of H which
is not a leaf edge. Neither u nor v is met by a triangle edge in G, since all edges meet-
ing triangle edges have been deleted. By Theorem 2(2), u and v cannot both be ends of
leaf edges in G. If neither u nor v are ends of leaf edges, then it follows from Lemma
2 that neither u nor v is met by any largest induced matching. But then adding uv to a
largest induced matching, we get a larger matching, which is a contradiction. Thus for
every non-leaf edge of G which is present in H, exactly one of its ends is met by a leaf
edge. It follows that all the vertices of one of the colour classes of H are met by leaf
edges. If we consider the (bipartite) graph B obtained from H by deleting all leaf edges
and their degree 1 vertices, all the vertices of one colour class, say black, of B are met by
leaf edges in G, and no white vertex of B is met by a leaf edge in G. By Theorem 2(4),
in G, a leaf edge and a triangle edge must be at distance at least 2, so pendant triangles
of G can only be attached to white vertices of B. Thus G has the structure described in
Theorem 1. 
Remark 2. Note that it is quite easy to check if all components of a graph have the structure
described in Theorem 1. So this provides a polytime algorithm to determine for any graph
H, whether m(H)= im(H). This is simpler than a general algorithm for largest matching.
Further, for graphs H where equality holds, we obtain a largest induced matching as fol-
lows: for each component of H which is a triangle, choose one edge; and for every other
component, choose all triangle edges, and choose one leaf edge meeting each vertex met
by a leaf edge.
The graphs G withm(G)= im(G) as described in Theorem 1 are very simple, and many
optimization problems that are NP-hard in general, can be solved in polytime for these
graphs. It is not hard to see that in these graphs, every maximal matching (with respect to
inclusion) is in fact a largest matching, so the independence system of matchings in the
graph is a matroid. These graphs are clearly perfect and planar, and there are very easy
algorithms for the perfect graph optimization problems: maximum clique, minimum vertex
colouring, maximum independent set and minimum clique covering. There are also easy
algorithms for some optimization problems such as minimum dominating set which are
NP-hard for both perfect graphs and planar graphs [6].
Finally, note that, in general,m(G) and im(G) canbe arbitrarily far apart sincem(K2y)=y
and im(K2y)=1,whereK2y is the complete graph on 2y vertices. Further, for any positive
integers x and y with x <y, the following connected graph Hx,y has m(Hx,y) = y and
im(Hx,y) = x. Graph Hx,y is constructed as follows: take K2(y−x+1) together with x − 1
K2’s; choose a vertex, say u, of K2(y−x+1), and join it to one vertex of each of the K2’s. A
largest induced matching in Hx,y is obtained by choosing the edge of each of the K2’s and
an edge of K2(y−x+1) not adjacent to u. This induced matching has (x − 1)+ 1= x edges
and is clearly largest. Graph Hx,y has a perfect matching consisting of a perfect matching
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of K2(y−x+1) and the edges of each of the K2’s, for a total of (y − x + 1) + (x − 1) = y
edges.
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